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Combinatorial Counting - 3.4 - 3.6 Estimates 11

How quickly H,, grows? The answer is something like log, n. But it is not exactly that.

This motivates “Big-O” notation.

Definition: Let f, g be functions N — R. If there exists a constant C' > 0 such that |f(n)| < C - g(n) for all

n, then we denote it by f(n) = O(g(n)) or just f = O(g).
Note: C' can be quite large! Sometimes defined that |f(n)| < C - g(n) for n sufficiently large.
Rules: If fi = O(g1) and fa = O(g2) then

o fi+ fo=0(g1+ g2)
o f1-fa=0(g1-g2)

1: Use the rules to show (n? +log(n)) - (14n3 + 2n% + /n) = O(n®).

Solution: We use n? + log(n) = O(n* +n?) = O(n?) and 14n® + 2n* + /n =

n3 4+ n?) = O(n?). The the product is O(n* - n?) = O(n®).

2: Prove that the rules are correct.

Solution: Use from definition

Useful estimates

e n®=0n")ifa<p
e n¢ = O(a™) for any C and a > 1

e (Inn)® = O(n®) for any C and a > 0.

Other notation

Notation Definition Meaning
f(n) =o(g9(n)) lim, e ﬁ =0 f grows way slower than g
f(n) =Q(g(n)) g(n)=0(f(n)) f grows at least as fast as g
f(n) =06(g(n)) f(n)=0(g(n)) and f(n) =Q(g(n)) f and g have roughly similar growth
f(n) ~g(n) limy, 00 g% =1 f and g are almost the same

Simple estimate for n!:

Better estimate

Almost true
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3: Show that n! <en (%)n using induction on n for n > 1. Hint: Use 1 4+ x < €” for all x € R.
Solution: Base case: n = 1 holds.
Now by induction

e

n —1 n n 1 n n
—n-e () ( ) e (%) <1__) <nee(Z)e
e n e n e

4: Recall that
k—1

(n) _n(n-1(n-2)...(n—k+1) :Hn—i

k k(k—1)(k—1)...1 k=i
Show that .
n n k
(E) = (k) =
Solution: First, the upper bound is easy.
. L S k—1
BRITE
1=0 1=0 1=0
Now lower bound. we will show that < %
n—-1 n kn—-1)—(k—1)n n—k > 0
k—1 k (k—1)k (k= 1k ~
Hence
k—1 . k-1
n n—1 n n\*
- )
(k) Ll r— k k
1=0 1=0
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5: Forn > 1 and 1 < k < n show that

SRR RN R

using binomial theorem (1 + )" and throwing away some parts of it. At good point, use z = =

Hints: Show that

Solution:
" /n Y /n
1 no__ 7f> 1
(1+x) Z(Z)az _Z(Z>5L’
1=0 1=0
1 b n b n
(1 nos i k—1
Sz 1Y (=3 (1)
1=0 1=0
Nowifwepickx:%,wegetx<1soxk*i21andweget
" /n n
_1 IL>
sz 3 ()= ()

We are left with

6: Show that

n
2 < " < 2"
n+1 =~ \Un/2]) —
using simple arguments.

Solution: <Ln72 j) is less than all subsets, which are 2".

Because there are n + 1 and the middle is larges, it is at least the average.

E®®O by Bernard Lidicky, Following Matousek-Nesetiil, Chapter 3.4-3.5


https://creativecommons.org/licenses/by-nc-sa/4.0/

